p-BLOCKS RELATIVE TO A CHARACTER OF A NORMAL SUBGROUP II
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ABSTRACT. Let p be a prime number, let G be a finite group, let N be a normal subgroup of G, and
let 6 be a G-invariant irreducible character of N. In [Riz18|, we introduced a canonical partition
of the set Irr(G|0) of irreducible constituents of the induced character 6%, relative to the prime p.
We call the elements of this partition the #-blocks. In this paper, we construct a canonical basis
of the complex space of class functions defined on {x € G|z, € N}, which supersedes previous
non-canonical constructions. This allows us to define §-decomposition numbers in a natural way.
We also prove that the elements of the partition of Irr(G|0) established by these 0-decomposition
numbers are the 6-blocks.
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1. INTRODUCTION

Let p be a prime number, and let M be a maximal ideal of the ring R of algebraic integers in C
containing p. For every finite group GG, and only depending on M, R. Brauer constructed a basis
of the space cf (Gp') of complex class functions defined on the set GP' of the p-regular elements of
G, namely the set IBr(G) of the irreducible Brauer characters of G. Suppose now that N is a fixed
normal subgroup of G, and consider G = {g € G| g, € N}, where g, is the p-part of g € G, and
let cf(GY) denote the space of complex class functions defined on G°. If y is any complex class
function defined on G, then x° denotes the restriction of y to the set GP.

If N is a p-group, Navarro constructed in [Nav00] a canonical basis IBr(G, N) of c¢f(G°) (depend-
ing only on M) satisfying that whenever x € Irr(G), then

X’ = Z dypp
¢€eIBr(G,N)
for some uniquely defined non-negative integers d,,. The N-projective characters
P, = Z dypX
x€elrr(G)
were previously studied by B. Kiilshammer and G. R. Robinson in [KR87].
In the not-so-widely available [Nav12], Navarro constructed a similar basis of cf(GY) for any
normal subgroup N of GG, where N was not necessarily a p-group. However, his methods did not

allow him to prove that this basis was canonical (that is, depending only on M). In the first main
result of this paper, we construct such a canonical basis.

When studying the complex space cf(G®), it is well known that standard Clifford reductions
(that we shall review below), allow us to fix a G-invariant character 6 € Irr(/N) and only consider
the subspace cf(G°|#) which is the span of {x°| x € Irr(G|0)}, where, as usual, Irr(G|0) is the set of
irreducible constituents of the induced character .

The author acknowledges support by “Convocatoria de contrataciéon para la especializacién de personal investigador
doctor en la UPV/EHU (2019)”, Ministerio de Ciencia e Innovacién PID2019-103854GB-100 and FEDER funds.
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Theorem A. Suppose that p is a prime, G is a finite group, N is a normal subgroup of G, and
6 € Irr(N) is G-invariant. Then there is a canonical basis IBr(G|0) of the space cf(G°|0) (depending
only on the choice of the maximal ideal M) such that whenever x € Irt(G|0), then

XO = 2 dypp
welBr(G10)

for some uniquely determined non-negative integers dy,. If N =1, then IBr(G|1) = IBr(G).

We call the elements of this basis the §-Brauer characters and the non-negative integers d,,, the
0-decomposition numbers. If N is a p’-group, it is easy to see that IBr(G|6) is exactly the set of
irreducible Brauer characters of G lying over 6 (as a Brauer character).

The existence of IBr(G|6) allows us to define a new natural linking in Irr(G|f): we say that
X, € Irr(G|0) are 0-linked if there is ¢ € IBr(G|0) such that dy, # 0 # dy,. In fact, we shall
prove that the #-blocks defined in [Riz18] can be characterized by this linking.

Theorem B. Suppose that p is a prime, G is a finite group, N is a normal subgroup of G, and
0 € Irr(N) is G-invariant. Then the connected components of the graph defined in Irr(G|6) by
0-linking are the 0-blocks.

Once #-Brauer characters and 6-decomposition numbers are defined, of course, many natural
questions arise. However, our main interest in these new objects is to study if they can be of
any help in order to understand classical problems on blocks, defect groups, Brauer characters,
or decomposition numbers. For instance, as suggested by Navarro, perhaps the #-decomposition
numbers can be bounded by a function of the size of f-defect groups (as defined in [Riz18]), and
the presence of normal subgroups might facilitate reductions to simple groups.

In the last part of this paper we give analogues to classical results on blocks for the #-blocks: a
f-version of Brauer’s first main theorem and a #-version of block-orthogonality, which we believe
might have independent interest.

This paper is structured as follows: in Section 2 we recall the definition and some properties
of the 6-blocks that will be used later on. In Section 3 we prove Theorem A and in Section 4 we
prove Theorem B. In Section 5 we prove the -versions of Brauer’s first main theorem and block
orthogonality.

Acknowledgements. Most of this paper is part of my PhD thesis under the direction of Gabriel
Navarro. I would like to take this opportunity to warmly thank him for thoroughly reading this
manuscript. I would also like to thank Radha Kessar and Charles Eaton for many useful comments
on this work and, in general, on my thesis.

2. PRELIMINARIES

Let us start by recalling here the definition of #-blocks given in [Riz18]. The notion of character
triple isomorphism (see Definition 11.23 of [Isa76]), as well as the theory of projective representa-
tions, is essential in order to define and to deal with #-blocks.

Recall that a complex projective representation of a finite group G is a map
P:G — GL,(C)
such that for every z,y € G there is some «a(x,y) € C* satisfying
P(x)P(y) = a(z,y)P(zy).
The function o : G x G — C* is called the factor set of P.

If G is a finite group, N < G, and 6 € Irr(N) is G-invariant, then we say that (G, N,0) is a
character triple. The theory of character triples and their isomorphisms were developed by I. M.
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Isaacs, and we refer to Chapter 11 of [Isa76] for their properties. (See also Chapter 5 of [Nav18]).
Character triples have associated projective representations in the following way. If (G, N, 6) is a
character triple, a projective representation P of G is associated with 6 if

(a) Py is an ordinary representation of N affording 6, and
(b) P(ng) = P(n)P(g) and P(gn) = P(g)P(n) for g€ G and n € N.

A fundamental fact about projective representations associated to character triples is that, given
a character triple, one can always find a projective representation associated to it, P, such that
its factor set a has roots of unity values (see for instance Theorem 8.2 of [Isa73] or Theorem 5.5
of [Nav18]). Using such a projective representation P, it is possible to associate to each character
triple (G, N,0) a new finite group G constructed as follows. Let Z be a finite subgroup of the
multiplicative group of the field of the complex numbers containing the values of a. As a set, G is
the set of pairs {(g,2) | g € G, z € Z}, and we give to G the following product,

(gv Z)(ha t) = (ghv (X(g, h)Zt)
It turns out that G is a finite group that contains N as a normal subgroup and Z Z(G) Moreover,
if we define 7(g,z) = ztrace(P(g)), we have that 7 is an irreducible character of G extending 6.
For a more detailed explanation see Theorem 11.28 of [Isa76] or Theorem 5.6 of [Nav18]. We care
to remark that G depends on the choice of Z. However, we will not emphasize this in the notation,
since it is not going to matter for our purposes.

One of the keys in the construction of the #-blocks is the following. Suppose that (G, N, 9) is a
character trlple let G be as above and write N = N x Z. Then we have that N is normal in G, N /N
is central in G/N and there is a uniquely defined linear character A of N/N such that (G, N,6)
and (G/N,N/N, ) are isomorphic character triples (see Theorem 11.28 of [Isa76] or Corollary 5.9
of [Nav18]). In particular, this means that there is a bijection

*: Irr(G|0) — Trr(G/N|A).

Since we are going to use how this bijection is explicitly constructed, we review this construction
here. Let x € Irr(G|0) and let 7 : G — G be the onto group homomorphism (g,2) — g, which
has kernel Z. Since 7 induces an isomorphism G/Z — G, there is a unique x™ € Irr(G) such that
X" (g,z) = x(g) for all g € G,z € Z. Since x lies over # notice that x™ lies over . Let 7 € Irr(é) be
the character extending 6 mentioned above. By Gallagher’s Corollary 6.17 of [Isa76], there exists
a unique x* € Irr(G/N) such that x™ = x*7. (Recall that we view the characters of H/N as
characters of H that contain N in its kernel.) Now, evaluating in (1, z) for z € Z, we easily check

that x* € Irr(G/N|A).

Notation 2.1. We say that the group G constructed above is a representation group associated
with (G,N,6) and P (and Z). We usually write G* = G/N, N* = N/N and 6* = X and we say
that the character triple (G*, N*,0%) is a standard isomorphic character triple for (G, N, 6) given
by P. Also, we call the bijective map * : Irr(G|f) — Irr(G*|0*) constructed above the standard
bijection.

We recall now the definition of #-blocks and 6-defect groups given in [Riz18].

Definition 2.2. Let (G, N, 6) be a character triple. Let G be a representation group for (G, N, )
and let 7 : G — G be the canonical homomorphism (g, z) — ¢ with kernel Z. Let * : Irr(G|0) —
Irr(G/N|A) be the associated standard bijection. We say that a non-empty subset By < Irr(G|6)
is a 0-block of G if there exists a p-block B of G/N such that

= {X* | x € Bg} = Irr(B|})
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where x* denotes the image of y through the standard bijection. If ﬁ/N is a defect group of é,
then we say that 7(D)/N is a 0-defect group of By.

Of course, as we have introduced it here, the definition of #-blocks seems to depend on the choice
of the projective representation associated with #. The same happens with the #-defect groups.
However, one of the main results in [Riz18] is to prove that they are canonically defined (Theorem
4.3 of [Riz18]).

3. THEOREM A

Suppose again that N is a normal subgroup of G' and consider the normal set G® = {z € G |z, €
N} and the complex space cf (GY) of complex class functions defined on G. If § € cf(G), we denote
by 69 the restriction of § to G°. The space cf(G") can naturally be decomposed as a direct sum of
subspaces. Indeed, for a given 6 € Irr(N), we define cf(G|0) to be the C-span of Irr(G|6), and we
let

cf(G010) = cf(G|A)° = {6°| 6 € cf(G|0)} .

Of course, cf(G°|0) = cf(G°|#9) for g € G. In fact, it is not difficult to prove (see Lemma 2.1 of
[Nav00]) that if © is a complete set of representatives of the G-action on Irr(NN), then
cf(G°) = @ ct(GY)0).
0e©

The strategy now is to fix 6 € Irr(N) and focus on cf(G°|6). The next natural step is to prove that
if T = Gy is the stabilizer of § in G, then induction 1 — 1C defines a linear isomorphism

cf(T°)0) — cf(G°|9).

This is done in Lemma 2.2 of [Nav00]. Using induction, this allows us to work with a G-invariant
0, that is, with a character triple (G, N, 0).

Suppose now that a set IBr(G) of irreducible Brauer characters of G is given (in other words,
that we have chosen a maximal ideal M containing p in the ring of algebraic integers R of the
complex numbers.) If N is a p-group, Navarro constructed in [Nav00] a natural basis of cf(GP)
depending just on IBr(G). Since we are using this construction explicitly, we review it here for the
reader’s convenience.

Suppose that 6 € Irr(N) is G-invariant and N is a p-group. We define 6 € ¢f(G°|0) as follows.
If z € G°, then zp € N and N{x)/N is a p’-group. Since N is a p-group, there is a canonical

extension 0, € Irr(N{z)) (Corollary 8.16 of [Isa76]). This is the unique extension of 6 to N{z)
whose determinantal order is a power of p. Now we define §(z) = 0,(z). If n is any class function
defined on the p-regular elements of GG, we define

(0% ) (x) = O(x)n(zy)
for z € G°. One of the main results in [Nav00] (Theorem 4.3 of [Nav00]) is that

IBr(G|0) = {0 xn|neIBr(G)}
is a basis of cf(G°|#) and that if x € Irr(G|6), then

XO = 2 dypp
welBr(G|0)

for some (uniquely defined) non-negative integers dy.,.
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What happens when N is not necessarily a p-group? This case is solved (in a non-canonical way)
in [Nav12]. Suppose first that N is central. Hence N = N, x N/, where N, € Syl,(N). Therefore

we can write = o x 3, where a € Irr(N,) and § € Irr(N,). If n € cf(G) U cf(GP"), Navarro defines

(0 xn)(x) = 0(xp)n(zy) = (o xn)(x).
In [Nav12] it is proved that
IBH(G]6) = {a «n|n € Br(G|8)}
is a basis of cf(G°|), and that if x € Irr(G|6), then
XO = Z dyotp
©€eIBr(G|6)
for some (uniquely defined) non-negative integers d,.,. Notice that if § € IBr(N) (that is, if
N = Ny), then a =1, § = 6 and IBr(G|0) is exactly the set of irreducible Brauer characters of G
lying over 6.
Finally, it is shown in Lemma 2.1 of [Nav12], that if (G, N,0) and (G*, N*,0*) are isomorphic
character triples then there is natural isomorphism of the vector spaces
* 1 cf(G0)0) — cf((G*)°)6%)
such that
()’ ="
for x € cf(G|0). This easily shows that, if N* is central in G*, then the inverse image of
IBr(G*[0%) = {0, xn* |n € IBr(G*|0,,)}

where 0% = 0 x 07, is a basis of cf (G|0). Since this basis depends on the choice of the isomorphic
character triple (G*, N*,0*), we denote it by B(g# n+ g+). Hence if x € Irr(G|0), then

X0 = Z dypp

for some uniquely determined non-negative integers dy,, where ¢ runs over B(g# n= ). The
problem with this construction is that there is no known way of choosing a canonical (G*, N*, 6*)
with N* central that is isomorphic to (G, N,#). Our main theorem in this section solves this by
proving that if we choose two standard isomorphic triples, then the corresponding bases that are
obtained through this process coincide.

Assume that (G*, N*,0*) is any character triple isomorphic to (G, N, ), with N* central, and
again write N* = N x N, where N € Syl,(N*) and hence §* = 67 x 67, with 67 € Irr(V)) and
0, € Irr(N,;). By Theorem 2.4 of [Nav12], the set

IBr(G*[0%) = {0" x o™ | p* € IBr(G¥|0,,)}
is a basis of cf ((G*)°|0*). Since cf(G*|0*) is the C-span of Irr(G*|6*), for each ¢* € IBr(G*|0},) we
can write
9* * QO* = Z a,(p*x* (X*)O
x*elrr(G*[0%)
for some complex numbers a =+ € C. (We remark that these numbers are not necessarily unique,
but for our purposes this is not going to matter.) Since (G, N, ) and (G*, N*,0*) are isomorphic
character triples, we know that there exists a bijection * : Irr(G|0) — Irr(G*|0*) and by Lemma 2.1
of [Nav12], the map ¥° — (¥*)° from cf(G|0)° — cf(G*|6*)° is an isomorphism of vector spaces.
Hence the basis of c¢f(G|#)° described in [Nav12] is
B(G*,N*,&*) = { 2 a¢*X*XO | QO* € IBI‘(G*W;/)}
x€lrr(G|0)
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If (G, N, 0) is a character triple and (G, N1,61) and (Gg, N2, 03) are standard isomorphic char-
acter triples, we wish to prove that Biq, n,.0,) = B(Gs,N,0,)- As usual, if x € cf(G), we denote by

Y¥ the restriction of x to GF'. We need the following easy observation.

Lemma 3.1. Let N <G, 0 € Irr(N) linear, and o, 8 € cf(G) U cf(GP), then

(1) 0x(a+B)=0xa+0x[,
(2) if O x o = 0 %3 then o = (V.

Proof. (a) is straightforward. Now suppose that 8 xa = 0* 3, and take y € G” . Notice that y € G°.
Since 0 is linear, we have that a(y) = 0(1)a(y) = (6 x a)(y) = (6 x B)(y) = 6(1)B(y) = B(y) and (b)
follows. g

We will also use also the following non-trivial result of [Nav12].

Theorem 3.2. Suppose that N € Z(G), and let 0 = af € Irr(N), where a € Irr(IN) has p-power
order and 8 € Irt(N) has p'-order. Let x € cf(G|6), then x° = a* x.

Proof. See Theorem 2.4 of [Nav12]. O

Recall that if o : G — G is a surjective group homomorphism with kernel Z and v € Irr(G), we
denote by 1 the unique irreducible character of G such that 1®(z) = ¥ (a(z)) for z € G. Now,
note that if z € G¥, then a(x) € G¥'. Hence, if ¢ € IBr(G), we denote by ¢* the unique irreducible
Brauer character of G such that () = @(a(z)) for z € GP. Notice that Z < ker(¢®).

We recall here the following result of [Riz18], which will be essential to prove Theorem A.

Lemma 3.3. Let (G,N,0) be a character triple. Let Py, Py be projective representations of G
associated with 0, with factor sets ay and as, respectively, whose values are roots of unity. Let
Z; be the subgroup of the multiplicative group of the field of complex numbers genemted by the
values of a;. Let G; be the representation group associated with P; and let (Gl/N Nl/N )\1) and
(GQ/N, NQ/N, )\2) be the standard isomorphic character triples given by P1 and Pa, respectively.
Let G = G x Z1 x Zy (as a set) and define in G the product

(g’ 21, 22)(h7 Ziv Zé) = (gha a1 (ga h)ZlZia Ol2(g, h)ZQZé)‘
Then the following hold.

(a) G is a finite group and N x 1 x 1 is a normal subgroup of G (which we identify with N ).

(b) The maps p1 : G > Gy and P2 G — Gy given by (g, z1,22) — (g,21) and (g, z1,22) —
(g, 22) are surjective group homomorphisms with kernels Zy and Zy, respectively.

(¢) Let x € Irr(G|0) and let x; € Irr(Gi/N|X;) be the image of x under the standard bijection.
Let x; = X" € Irr(G/N). Then there exists a linear character 8 € Irr(G/N) such that
Bx1 = X

Proof. This is part of Theorem 4.2 of [Riz18]. O

Finally we prove the following result which, as we mentioned above, will be key in order to prove
Theorem A.

Theorem 3.4. Let (G, N,0) be a character triple and let (G1, N1,01) and (G2, N2, 02) be standard
isomorphic character triples. Then

B(G17N1,91) = B(G2,N2,92)'
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Proof. Let P; and P2 be projective representations associated with 6 arising (G1, Ni,6;) and
(G2, Na, 09) respectively (that is, G; = Gi/N, N; = Ni/N, and 6; = )\; in the notation of Lemma
3.3). If x € Irr(G|0), we write x; € Irr(G;]6;) for the image of x through the respective standard
bijections. Now,

IBr(G1]61) = {61 * ¢1 | 1 € IBr(G1](61),7)}
= { Z agxi X1 | p1 € IBr(G1](61),)}-

x€lrr(G|0)
and
IBr(G2|02) = {02 x 2 | @2 € IBr(Ga|(62))}
={ D pxuX5 | 92 € IBr(Gal(62)p)}-
x€elrr(G|6)
Hence,
B(Gl,l\hﬁl) = Z apixa X | 1 € IBr(G1[(61))}
x€lrr(G|0)
and

B(GQ,N%@Q) = Z Apaxa X | 2 € IBr(Ga|(02),)}
x€elrr(G|0)

Since B(G17N1791) and B(GQ,NQ,QQ) are basis Of Cf(G|9)O, we have that |B(G1,N1,91)| = |B(G2,N2,92)|'
Therefore we just need to prove that
B(Gy,ny,01) S B(Ga,No,05)-
Let

Y = Z aW1X1XO € B(Gl,Nlﬁl)'
x€lrr(G|0)

In order to prove that ¢ € B(g,,n,,9,) We need to show that
Y g3 € IBr(Galfy).
x€lrr(G|6)

In other words we need to prove that

Z asD1X1X§ = 92 * V9
x€lrr(G|0)

for some ¢y € IBr(G2|(62),/). By Theorem 3.2 we have that x5 = 62 x x2. Then, by Lemma 3.1 (a),

o
Z Ap1x1 X2 = 02 * Z Ap1x1 X2
x€lrr(G|9) x€lrr(G|6)

Write

Y2 = Z gy, (X2)" -
x€lrr(G|0)
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Then @ € cf(G5) and for g € G3, we have that

(62 % 02)(9) = O2(gp)02(gp) = D) apax3(9)-
x€elrr(G|0)

To end we just need to prove that o € IBr(Ga|(62),).
Write G = G x Z1 x Zy as in Lemma 3.3, and let p; : G — @1 and pg : G — @2 be the maps

defined in Lemma 3.3(b). Write x; = x/* € Irr(G) and let 3 be the linear character of G/N such

that AX1 = X2 (Lemma 3.3(c)). Since f is linear and N < ker(3) we have that 87 € IBr(G/N).
Since ¥ € B(g, n,,0,) we have that

Z as01X1X(i € IBI"(G1|01),
x€lrr(G|0)

and hence

Z Aoy X1 = 01 % 1
x€lrr(G|0)

for some o1 € IBr(G1|(61),). Now, again by Theorem 3.2 and Lemma 3.1(a) we have that

0 xp1 = 2 awnaXT =01 * 2 QAp1x1 X1-
x€lrr(G|0) x€lrr(G|0)

Since 6 is linear, by Lemma 3.1(b) we obtain that
Y1 = Z Ay (X1)P -
x€elrr(G|0)

Hence

Pt = Z gy (X1)7
x€lrr(G|0)

Now, since 8x1 = X2, we have that

n:= 2 Apr1x1 ()%2)17/ = 2 a@m(ﬂﬁl)pl = BPISOTI € IBT(G/N)-
x€elrr(G|0) x€lrr(G|0)

Let po : G’/Zl — (5 be the isomorphism induced by po. Since Z; € ker(x2), we have that
n = ¢4 and hence @y € IBr(Gy). Since N C ker(pz), we obtain g € IBr(Gs|(02),) as desired. [

As a consequence we obtain Theorem A.

Corollary 3.5. Suppose that p is a prime, G is a finite group, N is a normal subgroup of G, and
0 € Trr(N) is G-invariant. Then there is a canonical basis IBr(G|0) of the space cf(G°|6) (depending
only on the choice of the mazimal ideal M ) such that whenever x € Irr(G|6), then

XO = 2 Ayt
pelBr(G10)
for some uniquely determined non-negative integers dy,. If N =1, then IBr(G|1) = IBr(G).
Proof. Let IBr(G|0) = Big# n g%y, where (G*, N*,0%) is a standard isomorphic character triple. In
Corollary 2.5 of [Nav12] it is proved that IBr(G|6) is a C-basis of the space cf(G|0)°. By Theorem

3.4 we know that this basis is independent of the choice of isomorphic character triples and hence
it is canonical, once we have fixed M. O
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4. THEOREM B

As we said in the Introduction, we call the elements of the basis IBr(G|6) the 6-Brauer characters.
If x € Irr(G|6) and ¢ € IBr(G|#), we denote the coefficient of ¢ in x° by d,,. Recall that we call
the numbers d,, the §-decomposition numbers. Note that if IV is a p-group these §-decomposition
numbers are the same that Navarro gives in [Nav00].

Let x, 1 € Irr(G0). We say that x and v are 0-linked if there exists ¢ € IBr(G|6) such that
dXSO #0 # dww.

The connected components of the graph define by #-linking define a partition in Irr(G|#). We call
the elements of this partition the blocks defined by 0-decomposition numbers. We shall prove that
these blocks are, in fact, the #-blocks.

If x and % are irreducible characters of G, we say that y and 1 are linked if there exists ¢ € IBr(G)
such that

dyy # 0 # dyy,
where d,, and dy,, are the classical decomposition numbers.

Lemma 4.1. Let (G, N,0) be a character triple with N € Z(G). Let x,v € Irt(G|0). Then x and
Y are linked if and only if they are 0-linked.

Proof. Write N = N x Ny, with N, € Syl (N), and 0 = 0, x0,/, with 0, € Irr(N,) and 0,y € Irr(Ny).
By Theorem 3.2 we have that y° = 0« x = 6 » x?. Since y € Irr(G10y), it is clear that all the
Brauer irreducible constituents of Xp/ lie over 6,y. Now, using Lemma 3.1 we have that

X = 2 dypps
©€elBr(G|0,)

if and only if

X° = Z dyp (6 * ).
cpEIBr(G|9p/)

0

Note that from Lemma 4.1 we deduce that in the case that N is central, the 6-decomposition
numbers and the classical decomposition numbers coincide. This agrees with the results obtained
by J. Zeng in [Zen03].

The key to prove that the blocks defined by #-decomposition numbers and the 8-blocks coincide
is the following result of [Riz18].

Theorem 4.2. Suppose that N € Z(G) and let 6 € Irr(N). Let B be a Brauer p-block of G such
that Irr(B|0) is not empty. Then the matriz Dpg = (dy,), where x € Irr(B|6), ¢ € IBr(B) and dy,,
are the classical decomposition numbers, is not of the form

* 0
0 = J’
for any ordering of the rows and columns.
Proof. See Theorem 6.2 of [Riz18]. O

Using Lemma 4.1 and Theorem 4.2 we easily obtain the following.

Theorem 4.3. Let (G,N,0) be a character triple with N € Z(G). Then the blocks defined by
0-decomposition numbers are exactly the sets Irr(B|6) where B runs over the p-blocks of G.
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Proof. Let By be a block defined by #-decomposition numbers. By Lemma 4.1 we know that
By < Trr(B|0) for some p-block B. We prove now that Irr(B|0) S By.

Let D = (dy,) be the decomposition matrix of G and write Dp g for the submatrix of D whose
rows and columns are indexed by elements in Irr(B|f) and IBr(B) respectively. By Theorem 4.2,
we know that Dp g is not of the form

* 0
(%)

for any ordering of the rows and columns. Hence if x, v € Irr(B|0) there exists x = x1, X2, - -5 Xk =
Y and 1,99, ..., 01 with x; € Irr(B|#) and ¢; € IBr(B) such that

dXiSﬂi 75 0 ;é dXi+l<Pi'

By Lemma 4.1, the 6-decomposition numbers are the classical decomposition numbers. This com-
pletes the proof. O

The following is Theorem B.

Theorem 4.4. Let (G, N,0) be a character triple. The blocks defined by 6-decomposition numbers
are exactly the 0-blocks of G.

Proof. Let (G*, N*,6*) be a standard isomorphic character triple and let * : Irr(G|0) — Irr(G*|0*)
be the standard bijection. Let x,¢ € Irr(G|f). By Lemma 2.1 of [Navl2] we have that the
map =° — (E%)° from cf(G]0)° — cf(G*|0*)° is an isomorphism of vector spaces. Therefore,
X, ¥ € Irr(G|0) lie in the same block defined by §-decomposition numbers if and only if x*,¢* lie in
the same block defined by #*-decomposition numbers. Since N* € Z(G*), using Theorem 4.3 we
have that x™,¥* lie in the same block defined by 6*-decomposition numbers if and only if x*, ¢*
lie in the same p-block of G*, that is, if and only if y and ¥ lie in the same 6-block. O

5. MORE RESULTS ON #-BLOCKS

If BI(G|D) denotes the set of p-blocks of G having defect group D, Brauer’s first main theorem
asserts that there is a natural bijection

BI(G|D) — BI(NG(D)| D),
where if B — b, then b is known as the Brauer correspondent of B. We prove an analogue of this
result for -blocks.

If P/N is a p-subgroup of G/N, then we will denote by Bly(G|P/N) the set of 6-blocks of G
having P/N as a 0-defect group. If x is a character of G, we denote by bl(x) the p-block of G
containing Y.

Theorem 5.1. Let (G, N, 0) be a character triple and let P/N be a p-subgroup of G/N. Then there
exists a natural bijection

Blg(G|P/N) — Blg(N¢(P)|P/N).

Proof. Let (G*, N*,0") be a standard isomorphic character triple and let * : Irr(G|0) — Irr(G*|0*)
be the standard bijection. Let P be the projective representation of G associated with 8 affording
the representation group G such that G* = G/N and N* = N/N (see Notation 2.1). Let 7 : G — G
be the canonical onto group homomorphism (g, z) — g. Recall that if By is a 6-block of G having
defect group P/N, then there exists a block of G*, B*, such that B = Irr(B*|0*) and there exists

P* = P/N, a defect group of B*, such that P/N = 7(P)/N.
Since Ng# (P*) < Ng#(P*N*), it is not difficult to see that block induction defines a bijection
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BI(Ngx (P*N*)|P*) — BI(G*|P¥).
If H* < G*, write BI(H*|P*,0*) to denote the set of blocks ¢* of H* having P* as a defect
group and such that |Irr(c*[0*)| # 0. We claim that induction defines a bijection

BI(Ngx (P*N*)|P*,6%) — BI(G*|P*, 6%).

Notice that we just need to prove that given b* € Bl(Ng« (P*N*)|P*), then |Irr(b*|0*)| # 0 if
and only if |Irr((b*)¢*[6%)| # 0. Let b* € BI(Ng«(P*N*)|P*,6*) and write B* = (b*)¢". Let
¥* € Irr(b*]60*). By Corollary 6.4 of [Nav98|, we have that there exists x* € Irr(B*) over ¢*. Thus
x* € Irr(B*|0*) and |Irr(B*|0*)| # 0. Now let B* € BI(G*|P*,0*) and write B* = (b*)&*, where
b* € B(Ng«(P*N*)|P*). Let ¢* € Irr(b*) and let ¢* € Irr(N*) lying under 1*, so * € Irr(b*|p*).
By Corollary 6.4 of [Nav98], there exists {* € Irr(B*) over ¢*, and hence over ¢*. By Theorem 9.2
of [Nav98|, B* covers bl(¢*). Since |Irr(B*|60*)| # 0, by Theorem 9.2 of [Nav98], we have that B*
also covers bl(0*). By Corollary 9.3, we have that bl(6*) and bl(¢*) are G*-conjugate. Since N* is
central, we have that bl(6*) = bl(p*) and therefore b* covers bl(6*). By Theorem 9.4 of [Nav98],
there exists p* € Irr(b*|0*). This proves the claim.

Consider the character triple (Ng(P), N, 8). We claim that (Ng«(P*N*), N* 6*) is a standard
isomorphic character triple to (Ng(P), N,0). Write H = Ns(PN). Since N < H < G, we can

A~ A~ A~

write (as a set) H = n(H) x Z. Write H = 7(H) and notice that N < H < G. We first show that
H < Ng(P). Indeed, let h € H. Then

Pl = (PN)! = x(PN)™ "V = z(PNY) = n(PN) = PN = P.

Notice that Py is a projective representation of H associated with 8 with factor set 8 = ag«q.
Since Z contains the values of 3, we obtain that (H/N, N/N,0*) is standard isomorphic to the
character triple (H, N,#). Observe that

Ng«(P*N*) = H/N
and hence
Ng*(P*N*)/N* = H/N

Therefore,

NG(P)/N = Ngn(P/N) = Ngsy« (P*N*/N*) = Ngs (P*N*)/N* = H/N.

Since H < Ng(P), we obtain H = Ng(P). Therefore (Ng« (P*N*), N*,0*) is standard isomor-
phic to the character triple (N (P), N,0). Now, if ¢y is a 6-block of Ng(P) with defect group P/N
and c¢* is the corresponding block in Ngx(P*N™*) arising ¢y, the map ¢y — ¢* defines a bijection

* . Bly(Ne(P)|P/N) — BI(Ng« (P*N*)|P*, 6%).

In the same way, the map By — B™ defines a bijection

* . Bly(G|P/N) — BI(G*|P*,0%).

We conclude that there exists a bijection

Bly(N¢(P)|P/N) — Blop(G|P/N).



12 NOELIA RIZO

Of course, the definition of 8-blocks is related to projective representations, and hence with blocks
of twisted group algebras. These have been studied before by many authors and, in particular,
there is a version of Brauer’s first main theorem for twisted group algebras by Conlon [Con64] and
Reynolds [Rey66].

Our next goal is to prove a #-version of the following classical result.

Theorem (Block orthogonality). Let g,h € G be such that g, and h, are not G-conjugate. If B is
a block of G then

> x(g)x(h) =o.

x€lrr(B)

Proof. See, for instance, Corollary 5.11 of [Nav98]. O

Recall that, given a p-element x € GG, the p-section of x is the set
S(x) = {z € G| zp is conjugate in G to z}.
The following is a result on classical blocks that we believe of independent interest.

Theorem 5.2. Suppose that B is a p-block of G, N < G and let 8 € Irr(N) be G-invariant. Let
g,h € G. Suppose that (Ng), and (Nh), are not G/N -conjugate. Then

> xlox®) =o.

x€lrr(B|0)

Proof. Define the class function on G

Q= x(h)x-
x€elrr(G|0)

Let x = g,. If y € Cg(z) is p-regular, we claim that Q(zy) = 0. First, notice that Nzy and Nh are
not G//N-conjugate. Indeed, suppose that there exists Nw € G/N such that (Nxy)V* = Nh. Since
Nz is a p-element, Ny is a p’-element and they commute we have that (Nzy), = Nz = (Ng),.
Then

NhyNhy = Nh = (Nay)V* = (Nz)V(Ny) Vv

and we have that (Nx)M¥ = Nh,, a contradiction since (Ng), and (Nh), are not G/N-conjugate.
Now, by Knorr’s theorem (see, for instance, Theorem 5.21 of [Nav18]) we have that

Qay) = >, x(h)x(zy) =0,
x€lrr(G|0)

Next we show that  vanishes on the p-section of z, S(x). Indeed, let z € S(x), and let u € G
be such that z; = x. Then 2}, is a p-regular element in Cg(z) and therefore Q(z") = Q(zz) = 0.

Since € is a class function, we obtain Q(z) = 0.
By Theorem 5.10 of [Nav98] we obtain
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0=0p(9)= ), [2xIx(9)

x€Irr(B)
= >0 2 (h), x]x(g)
x€lrr(B) ¢elrr(G|0)
= ) Z M, xIx(9)
x€lrr(B) velrr(G|0)
= x(h)x(g),
xelrr(B|6)
as wanted. O

As a consequence, we obtain the #-version of the block orthogonality theorem.

Corollary 5.3. Let (G, N,0) be a character triple and suppose that By is a 6-block of G. Let
g,h € G. Suppose that (Ng), is not G/N -conjugate to (Nh),. Then

> x(g)x(h) =o.

x€lrr(By)

Proof. Let (G*, N*,0*) be a standard isomorphic character triple and let * : Irr(G|0) — Irr(G*|0*)
be the standard bijection. Write also * : G/N — G*/N* for the isomorphism induced by the
canonical onto group homomorphism 7 : G — G defined by (z, z) — =, and write (Nz*) = N*z*.
Recall that (see explanation above Notation 2.1)

x(z) = x"(x,1) = 7(z, 1)x* (=¥)
for all x € G. Then

Do ox@x(m) = X 7lg, (g T(h Dx*(h*)

x€lrr(By) x*¥elrr(B*|0%)

=7(g, )r(h, 1) >, X*(gHxr(h)

x*€elrr(B*|0%)

Since (Ng), is not G/N-conjugate to (Nh),, we have that (N*g*), is not G*/N*-conjugate to
(N*h*), and by Theorem 5.2 we have that

D X)) =0,
x*elrr{ B*|0%)

as wanted.
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