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Abstract. Let G be a finite group and let p be a prime number. We prove that
if χ ∈ Irrp′(G) and Kerχ does not have a solvable normal p-complement then there
exists ψ ∈ Irrp′(G) such that ψ(1) > χ(1) and Kerψ < Kerχ. This is a p′-version
of a classical theorem of Broline and Garrison. As a consequence, we obtain results
on p-parts of character codegrees.

1. Introduction

All groups in this paper will be finite. As usual, if G is a group we write Irr(G) to
denote the set of complex irreducible characters of G and Irrp′(G) to denote the set
of irreducible characters of p′-degree of G.

A classical theorem of Broline and Garrison asserts that if G is a finite group,
χ ∈ Irr(G) is a complex irreducible character of G and Kerχ is not nilpotent, then
there exists ψ ∈ Irr(G) such that Kerψ < Kerχ and ψ(1) > χ(1). This is Theorem
12.19 of [9]. (See Theorem 12.24 of [9] and [3] for variations of this result.) The
following is out main result. (Given a group G, we write Sol(G) to denote the
solvable radical of G and Op′,p(G) is the largest solvable p-nilpotent normal subgroup
of G.)

Theorem A. Let G be a finite group and let p be a prime. Let χ ∈ Irrp′(G) and set
K = Kerχ. If K is not solvable or not p-nilpotent then there exists ψ ∈ Irrp′(G) such
that Kerψ < Kerχ and ψ(1) > χ(1). In particular, there exists µ ∈ Irrp′(G) such
that Kerµ ≤ Op′,p(Sol(G)).

Unlike the Broline-Garrison theorem, our proof of Theorem A relies on the classifi-
cation of finite simple groups by means of a theorem of G. Navarro and P. H. Tiep [14]
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on the extendability of characters of a simple group. As an immediate consequence
of Theorem A we have the following, which we record here.

Corollary B. Let G be a finite group and let p be a prime. If G has trivial solvable
radical, then there exists a faithful irreducible character of G of p′-degree.

It is possible to prove Corollary B without using Theorem A. However, we do not
know a classification-free proof of Corollary B either.

There is a number of applications of the Broline-Garrison theorem to character
degrees. We will present applications of Theorem A to character degrees elsewhere
(see [11]). Our motivation to find Theorem A came from character codegrees. Recall
that if G is a group and χ ∈ Irr(G) then the codegree of χ is

cod(χ) =
|G : Kerχ|

χ(1)
.

The following consequence of Theorem A resembles known results on p-parts of char-
acter degrees.

Corollary C. Let G be a finite group. Assume that pa+1 does not divide cod(χ) for
every χ ∈ Irr(G). Then

|G : Op′,p(Sol(G))|p ≤ pa.

When this paper was in the final stages of its preparation, we learned that related,
but weaker, results were obtained in [15]. In particular, it was proved in [15] that if
G is a finite group then there exists µ ∈ Irrp′(G) such that Kerµ is p-nilpotent (but
not solvable p-nilpotent, as in Theorem A). Our techniques are also different.

2. Proof of Theorem A

The proof of Theorem A splits into two parts: the cases when K is p-solvable and
K is not p-solvable. First, we handle the p-solvable case. The proof is due to G.
Navarro and is included here with his kind permission.

Theorem 2.1. Let p be a prime. Let G be a finite group and let χ ∈ Irrp′(G). Write
K = Kerχ. If K is p-solvable but not p-nilpotent, then there exists ψ ∈ Irrp′(G) such
that Kerψ < K and ψ(1) > χ(1).

Proof. Let Q be a Hall p-complement of K. Since K is not p-nilpotent, NK(Q) < K.
By Frattini’s argument, G = KNG(Q). Notice that |G : NG(Q)| = |K : NK(Q)| > 1
is a p-power. Let H be a maximal subgroup of G containing NG(Q). Set θ = χH ∈
Irr(H) and let J = Ker θ = H ∩K.

Notice that by Lemma 6.8 of [13] if τ ∈ Irr(G/K) lies over θ, then τ = χ. Also,
[χ, θG] = [χH , θ] = 1 by Frobenius reciprocity. Hence, we may write

θG = χ+ ∆



KERNELS OF p′-DEGREE IRREDUCIBLE CHARACTERS 3

where no irreducible constituent ψ of ∆ is such that K ≤ Kerψ. Now,

θG(1) = χ(1) + ∆(1),

and therefore, since θG(1) = |G : H|θ(1) = |G : H|χ(1), we obtain

χ(1)(|G : H| − 1) = ∆(1).

Since χ(1) is a p′-number and |G : H| is a power of p, we deduce that ∆(1) is not
divisible by p. Hence, there exists an irreducible constituent of p′-degree ψ of θG such
that K is not contained in Kerψ = L. In particular, K 6= L.

We claim that ψ(1) > χ(1). Since ψ lies over θ, we know that ψ(1) ≥ θ(1) = χ(1).
By way of contradiction, assume that ψ(1) = χ(1). Then ψH = θ and it follows that
J = H ∩ L ≤ L. Thus J ≤ K ∩ L ≤ K and, since K ∩ L E G, the maximality of
H implies that K ∩ L = J or K ∩ L = K. In the first case, J E G and Frattini’s
argument implies that G = JNG(Q) = H, a contradiction. In the second case, K ≤ L
which is another contradiction. This proves the claim.

It remains to see that L < K. Assume first that L ≤ H. Since θ is an irreducible
constituent of ψH , we deduce that

L = L ∩H = KerψH ≤ Ker θ = J = H ∩K ≤ K.

Since L 6= K, we conclude that L < K, as wanted.
Finally, we may assume that L 6≤ H. In particular, G = HL, using that H

is maximal in G. Thus ψH = θ and it follows that ψ(1) = θ(1) = χ(1). This
contradiction completes the proof. �

If H � G and γ ∈ Irr(H) we will write Gγ to denote the stabilizer of γ in G.
As mentioned in the Introduction, our proof of the general case depends on the
classification of finite simple groups by means of the following result.

Lemma 2.2. Let M = Sn be a nonabelian minimal normal subgroup of a group G.
Then there exists a non-trivial irreducible character γ = α × · · · × α ∈ Irr(M), of
p′-degree, such that |G : Gγ| is a p′-number and γ extends to Gγ.

Proof. This follows from Theorem 2.1 of [5], which in turn follows from work in
[14]. �

Recall that the socle Soc(G) of a finite group G is the product of the minimal
normal subgroups of G. It is well-known that Soc(G) = A(G)× T (G) where A(G) is
the direct product of some of the elementary abelian minimal normal subgroups of
G and T (G) is the direct product of all the nonabelian minimal normal subgroups
of G (see Definition 42.6 and Lemma 42.9 of [7], for instance). Notice also that if
χ ∈ Irr(G) then χ is faithful if and only if Kerχ ∩ Soc(G) = 1.

Now we are ready to complete the proof of Theorem A. As usual, if p is a prime
Op′(G) is the largest normal p′-subgroup of G and Op′,p(G) is the preimage in G of
the largest normal p-subgroup of G/Op′(G).
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Theorem 2.3. Let G be a finite group and χ ∈ Irrp′(G). Write K = Kerχ. If K 6≤
Op′,p(Sol(G)) then there exists ψ ∈ Irrp′(G) such that Kerψ < K and ψ(1) > χ(1).

Proof. Let G be a minimal counterexample. By Theorem 2.1 we may assume that
K is not solvable. Let M ≤ K be the solvable residual of K and let M/N be a chief
factor of G. Notice that M/N is not solvable and by the minimality of G, N = 1 and
M is a minimal normal subgroup of G. Moreover M is the unique minimal normal
subgroup of G contained in K. Indeed, suppose that M1 is another minimal normal
subgroup of G contained in K. Then K/M1 is not solvable and we are done by the
minimality of G as a counterexample.

Let γ ∈ Irrp′(M) be the character whose existence is guaranteed by Lemma 2.2.
Notice that there exists L E G such that Soc(G) = M × L. Let β ∈ Irr(L) lying
under χ. Notice that since χ has p′-degree, β also has p′-degree.

Let P ∈ Sylp(G). We know that |G : Gγ| is a p′-number. Replacing γ by a G-
conjugate, if necessary, we may assume that P ≤ Gγ. On the other hand, since β
lies under χ and χ has p′-degree, |G : Gβ| is a p′-number too (by Theorem 6.11 of
[9]). Again, replacing β by a G-conjugate if necessary, we may assume that P ≤ Gβ.
Thus

P ≤ Gγ ∩Gβ = Gγ×β = T.

This implies that |G : T | is a p′-number.
Since γ extends to Gγ, γ×1L also extends to Gγ and there exists γ̃ ∈ Irr(T |γ×1L)

that extends γ. Since M ≤ Kerχ and χ lies over β, χ lies over 1M × β. Let
ξ ∈ Irr(G1M×β|1M × β) such that ξG = χ. Then ξ has p′-degree and there exists
ϕ ∈ Irr(T |1M × β) lying under ξ (and hence, under χ) of p′-degree. Hence δ = γ̃ϕ ∈
Irr(T ) by Gallagher’s theorem (Corollary 6.16 of [9]). Since γ̃ lies over γ × 1L and ϕ
lies over 1M × β, δ lies over γ × β. By Clifford’s correspondence, ψ = δG ∈ Irr(G).
Notice that

ψ(1) = |G : T |γ(1)ϕ(1) > |G : T |ϕ(1) ≥ χ(1).

In particular, ψ has p′-degree.
Now we want to show that Kerψ ∩ Soc(G) = 1. ( As remarked before the proof,

this implies that ψ is faithful.) Notice that it suffices to show that Kerψ ∩M = 1
and Kerψ ∩ L = 1. Indeed, suppose that Kerψ ∩ M = 1, Kerψ ∩ L = 1 and
that Kerψ ∩ Soc(G) > 1, and let N be a minimal normal subgroup of G contained
in Kerψ ∩ Soc(G). If N is abelian, then N ≤ A(G) ≤ L and Kerψ ∩ L > 1, a
contradiction. If N is not abelian, then either N = M and Kerψ ∩ M = 1 or,
N ≤ L and Kerψ ∩ L > 1. In both cases we get a contradiction and it follows that
Kerψ ∩ Soc(G) = 1.

Notice that ψ lies over γ and γ is faithful. This implies that Kerψ∩M = KerψM ⊆
Ker γ = 1.

Finally, it remains to see that Kerψ ∩ L = 1. Recall that χ lies over β, so χL is a
multiple of the sum of |G : Gβ| = r G-conjugates {β1, . . . , βr} of β. Similarly, ψ lies
over β so ψL is also a multiple of the sum of the G-conjugates of β. Since K = Kerχ
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and K ∩ L = 1 (because M ∩ L = 1 and M is the unique minimal normal subgroup
of G contained in K), χL is faithful. We conclude that ψL is faithful. This means
that Kerψ ∩ L = 1, as wanted. This concludes the proof. �

3. Application to p-parts of character codegrees

There have been many recent results on character codegrees. Most of these results
are motivated by known results on character degrees. It is easy to see that for any
group G and any χ ∈ Irr(G), χ(1) ≤ cod(χ) (see, for instance, Lemma 2.1 of [4]).
Therefore, some of these relations between results on character degrees and results on
character codegrees are not surprising. For instance, a codegrees version of Jordan’s
theorem on linear groups (Theorem 14.12 of [9]) follows immediately. However, if we
take a prime p, then it is possible to have cod(χ)p = p and χ(1)p arbitrarily large.
For instance, let n be any positive integer, let q ≡ 1 (mod p) where p and q are
primes and let G be a direct product of n copies of a Frobenius group with cyclic
complement of order p cyclic kernel of order q. Then it is easy to see that G possesses
irreducible characters of degree pn but cod(χ)p ≤ p for all χ ∈ Irr(G). This shows
that in general it is not possible to control the p-parts of character degrees in terms
of the p-parts of character codegrees. Conversely, if χ is a faithful linear character of
a cyclic group of order pn, then cod(χ)(1) = pn, so there is not any relation between
p-parts of character degrees and character codegrees. Our goal in this section is to,
quite surprisingly, obtain results on how p-parts of character codegrees restrict the
structure of a group that are very similar to known results on p-parts of character
degrees.

It was conjectured in [10] that |G : Op(G)|p is bounded in terms of the largest
p-part of the character degrees of G. This conjecture was proved for solvable groups
in Corollary B of [12] and for arbitrary groups in Theorem A of [16]. The natural
question, therefore, is whether such a bound exists if we replace character degrees
by character codegrees. However, the examples mentioned in the previous paragraph
show that there is no hope to obtain any bound for |G : Op(G)|p in terms of the largest
p-part of the character codegrees. Corollary C shows that, in fact, |Op′,p(Sol(G))|p is
the only factor of |G|p that cannot be bounded in terms of the largest p-part of the
character codegrees.

Proof of Corollary C. By Theorem A, there exists µ ∈ Irrp′(G) such that Kerµ ≤
Op′,p(Sol(G)). Hence

pa ≥ cod(µ)p =

(
|G : Kerµ|

µ(1)

)
p

= |G : Kerµ|p ≥ |G : Op′,p(Sol(G))|p,

as desired. �

The following consequence of Corollary C has a very similar character degree analog
(see Corollary B of [12] and Theorem 3.12 of [16]). We need a lemma first.
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Lemma 3.1. Let G > 1 be a p-group. Assume that pa is the largest character codegree
of G. Then dl(G) ≤ log2 a+ 2.

Proof. By Lemma 2.4 of [4], if a = 1 then G is abelian and the result holds. If a > 1,
then we can apply Theorem 1.1 of [4] to deduce that the nilpotence class of G is
c(G) ≤ 2a− 2. Now, by III.2.12 of [6], we have

dl(G) ≤ log2 c(G) + 1 ≤ log2(2a− 2) + 1 ≤ log2(2a) + 1 ≤ log 2a+ 2,

as desired. �

Corollary 3.2. Let G be a finite group and let P ∈ Sylp(G). Assume that pa+1 does
not divide cod(χ) for every χ ∈ Irr(G). Then

dl(P ) ≤ 2 log2 a+ 3.

In particular, if G is p-solvable then lp(G) ≤ 2 log2 a+ 3.

Proof. We may assume that Op′(Sol(G)) = 1. Let P ∈ Sylp(G). PutK = Op(Sol(G)).
Let d = dl(PK/K). By Corollary C and III.2.12 of [6], we have that

d ≤ log2(a) + 1

Now, it remains to notice that by Lemma 3.1

dl(K) ≤ log2 a+ 2

to deduce that
dl(P ) ≤ d+ dl(K) ≤ 2 log2 a+ 3,

as desired.
In order to obtain the bound for the p-length it suffices to use that if G is p-solvable

then lp(G) ≤ dl(P ) (see IX.5.4 of [8] for p odd and [2] for p = 2). �

We remark that in Theorem 1.1 of [1], it was proved that if G is p-solvable, then
lp(G) ≤ a. Corollary C improves this bound asymptotically and extends it to arbi-
trary groups by considering the derived length of a Sylow subgroup.
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[11] A. Moretó, N. Rizo, On the number of p′-character degrees of finite groups, in preparation.
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